DIFFERENTIAL EQUATIONS

A differential equation i1s an equation involving
independent variable, dependent variable and the
derivatives of the dependent variable. In
otherwords, if x is an independent variable, and y
1s dependent on x, then any equation involving x,

dy
y and dx 1s called a differential equation e.g.,
dy
(i) — + XCOSX =X

(ii) ( ) +6y° = 8x

d*y 8( dy)
— | = =Hx.
(Ix dx

Ordinary differential equation is a differential
equation in which derivatives are involved with
respect to a single independent variable.




Order of a differential equation is the order of
the highest derivative appearing in the equation

e.g.,
Yy

——4+XCO08X =X
dx

1s a differential equation of first order. But the
order of the differential equation (i11) as above 1s
2 as it involves the derivative of second order viz.,

d’y
dx®
Degree of a differential equation is the degree

of the highest order derivative after the equation
has been freed from the radical and fraction e.g.,

dyY . s
(d—‘i) +6y” =7x is 2 but degree of the diff. eq.

@_‘/3+Q. btained aft ing th
dxz dx 1S optaine alter removing e

radical and fractions. It is equivalent to

dx* dx

degree.

d*y) . d
(_y_} = T 4 which is 2nd order and 2nd



General solution 1s that solution of a differential
equation which contains the number of arbitrary
constants equal to the order of the differential
equation.

Formation of differential equations: Rule to
form the differential equation from a given equation
in x and y, containig arbitrary constants.

1. Write down the given equation.

2. Differentiate w.r.t. x successively as many
times as the number of arbitrary constants.

3. Eliminate the arbitrary constants from the
equations of the above two steps.

The resulting equation is the required differential
equation.

Different forms of differential equations

: : . dy
Type L. Differential equation T f(x)
dy _ 1y
we have o f(x), here we treat 7r 28 dy + dx
- dy = f(x) dx

Integrating both sides, we get



de=Jf(x) dx +c

where ¢ 1s a constant of integration

Ly= If(x) dx+ c

d .
Example. Solve d_i =smnx-—x

dy = (sin x = x) dx
Integrating both sides, we get

jdyzj(sinx—x) dx

de =jsinxdx—jx dx + ¢

sl

X
yz—cnsx—?+c

Type Il. Variable Separable.

If in an equation, 1t 1s possible to get all the
functions of x and dx to one side and all the
functions of y and dy to the other, the variables

are said to be separable.

Rule to solve an equation in which the variables

are separable.



d.
Consider the equation d_i = XY, where X is a

function of x only and Y 1s a function of y only.

d
1. Given differential equation is é = XY

2. % = X dx1.e.,variables have been separated.

d,
3. Integrating both sides J.% = _[X dx+c

where ¢ 1s an arbitrary constant.
Example. Solve dy + xy dx = x dx.

Sol. On separating the variables, we have
dy
-y
Integrating both sides, we get

= x dx

dy

=de:.t:+c
I-y

-

or —log(1-y) =Jf—)+c

—



x2“ +log(l-y)=c.

or

Type IIL. Equations reducible to the form in which

variables can be separated.

d
Equation of the form L. 4% f(ax+by+c¢) can be

dx

reduced to the form in which the variables are

separable.
Put ax + by + ¢ = z, we have on differentiating
W.r.t. X.
a+b dy — b2
dx dx

ﬂ_l(z_a)
o  dx  b\dx

. Given equation becomes

e



dz

Separating the variables a+bf(z) = dx

which can now be integrated.

Example. Solve (x— ‘Tr')d ji a’

Sol. Put x—y=z then 1- dy _ dz or dy _ ]_E

dx dx dx dx

. Given equation becomes 2z [1 - E) = a”

dx
9
dz a
or l-——=—
dx =z
9 ? 2
dz ] a- z -a
ﬂr - - - L} —_ [
dx z- 2

Separating the variables

L

———dz = dx
2z —-a

or (1+ ;r ]dz dx

E—-f'l



Integrating both sides,

9 o 1 2—Qa
z-+a".—log =x+cC
2a zZ+a
a X—y—a
or x—y+—log J =X+
xX—y+a
a X—-y—-a
or — log =y+C

2 xX—-y+a

9

d
Type IV. Equations of the form EC—‘Z- = f(x).

d (dy

We have, a( dx) = f(x)

Integrating w.r.t x, we get

3—‘2=Jf(x)dx+q

LetJ- f(x) dx = ¢(x) then Z—‘;’ = ¢(x) + ¢

Again integrating w.r.t. x, we get

y= [d)(x) dx + ¢;x + ¢



d’y

Example. Solve —5 = x.
Sol. Wehave 92  x d(dy) ¥, Integratin
ol. We have I or 7\ gx grating

dy «x°
d —j d Y _
jdx( )r X x+C1 or dx > + ¢,

or %-dxzj[%+c]]dx+c2

x3
or y=?+clx+6‘2.

First order linear equation with coefficients.
A linear differential equation is that in which
the dependent variables and its differential
coefficients occur only in the first degree and are
not multiphied together.

The standard form of linear differential equation
of the first order is



P and Q are functions of x (and not of y) or constants.

dx
Similarly, 5 +Px=Q

where P and Q are function of y only, 1s also
called a linear differential equation of the first
order.

dy
Solution of differential equation =4 Py=Q is

dx
_}re-[ o IQ. e-f M'. dx+ ¢

or y (integrating factor i.e. I.F,)

:_[Q.(I.F.) dx + ¢

while evaluating the L.F. it i1s very useful to
remember that

plo8 (%) _ }r(x)

dy
[llustration. Solve E + ytan x = sec x.

Sol. P=tan x and Q =sec x are functions of x only



Jtanx dx 1
Og 8ec X

IF = e-[ Pdx

=€ =ée =5eC X

y.(LF)= | Q(LLF.) dx +c

secx.secx dx+c

ysecx

L
= |sec” x.dx+c¢

ysecx =tanx+c¢

tanx &
y = —+

seCX BseCX

y =sinx+ccos x




